Abstract. When considered in the Palatini formalism, the Starobinsky model does not provide us with a mechanism for inflation due to the absence of a propagating scalar degree of freedom. By (non)-minimally coupling scalar fields to the Starobinsky model in the Palatini formalism we can in principle describe the inflationary epoch. In this article, we focus on the minimally coupled quartic and natural inflation models. Both theories are excluded in their simplest realization since they predict values for the inflationary observables that are outside the limits set by the Planck data. However, with the addition of the R 2 term and the use of the Palatini formalism, we show that these models can be rendered viable.
Introduction
Cosmological inflation [1] [2] [3] [4] [5] [6] [7] , namely a phase of de Sitter expansion after the big bang, provides an attractive paradigm addressing the open issues of the early universe. In this framework quantum fluctuations, magnified to a cosmic size, ultimately generate the large scale structure of the universe and the presently observed anisotropy in the CMB. Although a detailed particle physics mechanism underlying inflation has not been established yet, models of inflation formulated in terms of a scalar degree of freedom (inflaton) exist with a number of predictions confirmed by observations. This scalar degree of freedom is introduced either as a fundamental scalar field or can be provided by gravity itself in models featuring generalizations of the Einstein-Hilbert action. The latter possibility is realized in the Starobinsky model where an extra quadratic term of the Ricci curvature scalar R 2 is present. Among the models realizing the former possibility of a fundamental scalar, the case of Higgs inflation [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] , where the inflaton is identified with the Standard Model Higgs boson, has attracted a lot of attention since it provides a direct connection of cosmological inflation to particle physics. Higgs inflation requires the presence of an appreciable coupling of the Higgs field h to the Ricci curvature scalar ξh 2 R. Both of the above possibilities are intimately connected with gravitation and its formulation. It is well known that for the Einstein-Hilbert action of pure gravitation the alternative variational principle of Palatini [26] [27] [28] [29] [30] , in which not only the metric g µν but also the connection Γ ρ µν are treated as independent variables, leads to the standard equations of motion of General Relativity (GR) and the Palatini formulation is equivalent to the standard metric formulation. Nevertheless, this is not the case when extra fields are coupled to gravity non-minimally as in the case of Higgs inflation. New interactions in the scalar sector modifying significantly the Einstein-frame potential are present in the Palatini formulation. The inequivalence of the two formulations is also quite striking in the case of the Starobinsky model, where, in the Palatini formulation there is no propagating extra scalar degree of freedom, in contrast to the metric formulation, where the quadratic curvature term introduces an extra scalar suitable to play the role of the inflaton.
In the present article we consider scalar matter coupled to gravity in the framework of the Palatini formulation (see [31] for a review and [25, 30, for various applications). We focus on the case that a quadratic Starobinsky term is present while the scalar fields are minimally coupled to gravity 1 . We analyze the case of a model with quartic scalar interactions, a case of interest to Higgs inflation. We find acceptable slow-roll inflationary behaviour, despite the fact that scalars are minimally coupled to gravity, contrary to the standard metric case where an appreciable nonminimal coupling is required. The central ingredient of the inflation mechanism operating in the Palatini framework for a model described by a potential V (φ) is the creation of a plateau for the Einstein-frame potentialV (φ) = V (φ)/ (1 + 4αV (φ)/M 4 P ) at large field values [46, 52] . We extend our analysis to the case of the natural inflation model [74, 75] characterized by a bounded potential and find that the resulting flattening of the inflationary plateau in the Palatini formulation leads to acceptable slow-roll inflationary behaviour.
The paper is organized as follows: In section 2 we start with the action of a scalar field minimally coupled to gravity in the presence of a quadratic curvature scalar term with a general self-interacting potential and derive the Einstein frame Lagrangian in the framework of the Palatini formalism. In section 3.1 we consider the case of a quartic potential modelled in the fashion of the Higgs boson and proceed to analyze the inflationary behaviour calculating the slow-roll parameters and the corresponding inflationary observables. Also, in section 3.2 we briefly discuss other monomial potentials. Then, in section 4 we analyze the natural inflation model. Finally, in section 5 we present our conclusions.
Minimally Coupled Scalars in the Palatini Formalism
Consider the action of scalar fields minimally coupled to gravity. Although we restrict our consideration to one scalar, the generalization to many is straightforward. We have
We expect that quantum corrections are bound to generate in (2.1) terms of the form ξφ 2 R and αR 2 . Either of these terms has been shown to lead to a number of interesting results with respect to inflation. It is conceivable though, since the phenomenological values of the parameters ξ and α are not a priori known, that one or both of these terms are small or negligible. In what follows we shall focus on the case of a negligible non-minimal coupling, i.e. take ξ = 0, and consider the action
which can be readily written in terms of an auxiliary scalar field χ as
We shall consider the above action in the framework of the Palatini or first order formalism in which, next to the metric g µν , the connection Γ ρ µν also is an independent variable. Therefore, R µν is independent of the metric. Performing a Weyl rescaling of the metric according tō
we transform the action(2.3) into the Einstein frame
whereR =ḡ µν R µν (Γ) and
Variation of the Einstein-Hilbert action (2.5) with respect to the connection yields the standard Levi-Civita relation in terms of the metricḡ. The Einstein field equations are the same as in the standard metric formulation. Varying with respect to the auxiliary field χ we obtain
Note that we have dropped the bars for the sake of simplicity of notation. Substituting (2.7) into the action (2.5) we obtain
Since we aim to study the properties of this action in the framework of slow-roll inflation, higher than quadratic powers of ∇φ are not expected to play any role. The above can be generalized to any f (R) theory replacing the action (2.5) with
where the derivative is with respect to χ 2 and
Then, the Weyl rescaling factor is replaced by
3 Application to Higgs-like Scalars
Quartic potentials
Higgs inflation, i.e. the possibility of the Standard Model Higgs playing the role of the inflaton, has attracted a lot of attention. A necessary requirement of such a scenario within the standard metric formulation is a rather large non-minimal coupling of the Higgs to the Ricci scalar ξ|H| 2 R. In the unitary gauge the Higgs doublet can be replaced by a single scalar φ
Of course, if this is to represent a realistic version of the Standard Model, issues like the stability of the Higgs self-coupling have to be addressed, possibly by enlarging the Higgs sector.
In this section we shall consider the case of a scalar φ with a quartic potential (3.1) minimally coupled to gravity (ξ = 0) in the framework of the Palatini formalism. The corresponding scalar part of the Lagrangian derived in (2.8) is
Note that the vanishing of the potential at the (Minkowski) vacuum corresponds through (2.7) to a vanishing of the vacuum expectation value of the auxiliary field χ and consequently to an equality of the Jordan frame and Einstein frame Planck masses. The scalar field φ can be replaced by a canonically normalized field ζ defined by
For very large values of the field φ v this is approximately
where x ≡ (αλ) 1/4 φ/M P , cos y ≡ (x 2 − 1)/(x 2 + 1) and F refers to the elliptic integral of the first kind. 2 We can invert the above expression and obtain x(ζ) in terms of one of the Jacobi's elliptic functions (sn). In Fig. 1 we present a plot of x in terms of the normalized canonical field ζ ≡ (αλ) 1/4 ζ/M P . Theζ function saturates at some value, say ±ζ 0 , for x → ±∞. This can also be verified analytically, by means of an asymptotic expansion of F at large x values.
The potentialV in (3.2) for the large φ v region, expressed in terms of x, reads
and it is presented in Fig. 2 . Next, we proceed to study slow-roll inflation for this particular model. Substituting the above potential in the slow-roll parameters 6) we arrive at the expressions
Then, the number of e-folds can be computed as
where x * and x f are the values of the x field at the start and end of inflation, respectively. The field value x f is given by the condition for the end of inflation, i.e. V 1, which for √ αλ 10
Substituting the expressions (3.7) into the formula for the spectral index n s we obtain
and the spectral index turns out to be approximately independent of α. This corresponds to a larger than usual number of e-folds, N ∈ (70, 80), not necessarily out of line with high-scale inflation. This number of e-folds seems to require a period of slower expansion than the standard radiation dominated one. This issue goes beyond the scope of this article and will be investigated in a future work. In Fig. 3 we have plotted the tensor-to-scalar ratio r versus the spectral index n s for λ ∼ 10 −4 and α ∈ (0.01, 0.1). Focusing on characteristic values for the parameters, namely α = 0.1, λ = 10 −4 , and N ∼ 75, we obtain for the initial and final field values φ * ∼ 25M P and φ f ∼ 3M P , or (3.10) ζ * ∼ 19M P and ζ f ∼ 3M P .
At the same time the Lyth bound |∆φ| M P r/4π for this specific field excursion is trivially satisfied.
In Fig. 4 , for the fixed value of α = 0.1 and λ = 10 −4 , we solve numerically the Klein-Gordon equationζ + 3Hζ + V (ζ) = 0 for a plethora of initial conditions for the inflaton ζ and plot the trajectories in the ζ −ζ phase space. It is clear that the potential exhibits an attractor behaviour, since, regardless of initial conditions, all trajectories in phase space (green-dotted curves) quickly converge in a single trajectory that ends at the location of the potential minimum. 
Other Potentials
It has already been established that a quadratic potential in this Palatini framework leads to an acceptable inflationary behaviour. The quartic potential studied here is also supported by obvious particle physics renormalization and phenomenological arguments. This is not the case for potential functions with a large field behaviour carried out by a power greater than four. Nevertheless, it is interesting to analyze whether this behaviour is shared by more general functions, since for any increasing function V (φ) the effective potentialV (φ) = V (φ)/ 1 + . The case n = 1 (quadratic potential) has been studied elsewhere [52] and is proven to exhibit acceptable inflationary behaviour. The integral defining the corresponding canonical field ζ can be estimated to behave as C 0 − C 1 /x n−1 in terms of x = (αλ) 1 2n φ/M P , following an analogous behaviour as in the quartic case. Similarly, the potentialV =
1+x 2n as a function of ζ follows the same behaviour reaching a plateau. The corresponding expressions for the slow-roll parameters are similar, being
The value of x 2 f is obtained from V (x f ) ≈ 1. In the case that 2n 2 (αλ) 1/n is small this corresponds to x 2 f ≈ 2n 2 (αλ) 1/n . The number of e-folds is
Focusing on the n = 3 case with αλ 10 −2 we have x 2 f ≈ 18(αλ) 1/3 . Substituting the expressions of V , η V for n = 3 and x 2 * = 12(αλ) 1/3 (N + 3/2), we obtain for the spectral index
which requires an unacceptably large number of e-folds in order to comply with the observed value of n s . Therefore, the case n = 3 is excluded for inflation. The same is true for larger values of n. Note however that for rational values of n = q/p in the range 1 < n < 2 the situation is different. For example n = 3/2 leads to an acceptable value of n s for N = 55. The same is true for n = 2/3 and n = 4/3, for N ≈ 50 and N ≈ 65 respectively. General conclusions can also be drawn by taking the large N limit of the above formula (3.13) 14) which singles out the values of n in the neighbourhood of n = 1 (quadratic potential), as corresponding to the best fit value n s = 1 − 2/N .
Natural Inflation
As we saw in the preceding sections the main ingredient of the inflation mechanism operating in the Palatini framework for a model described by a potential V (φ) is the creation of a plateau for the Einstein-frame potentialV (φ) = V (φ)/ (1 + 4αV (φ)/M 4 P ) at large field values. This mechanism works perfectly for quadratic and higgs-like quartic potentials leading to acceptable inflationary predictions, although it fails for steeper potential functions. On the other hand, it is possible for a model possessing an inflationary plateau in its standard metric formulation but falling short in its numerical predictions to yield improved results in the Palatini framework.
As an example, in what follows we consider the so-called natural inflation models, where the role of the inflaton is played by axions, i.e. pseudo-Nambu-Goldstone bosons arising whenever an approximate global symmetry is spontaneously broken [74, 75] . We assume a global shift symmetry of the inflaton field is spontaneously broken at some scale f , with soft explicit symmetry breaking at a lower scale M , which gives the boson its mass. The scalar potential is generally of the form
The potential has a height 2M 4 and a unique minimum at φ = πf , assuming the periodicity of φ is 2πf . For appropriately chosen values of the mass scales, namely, f ∼ M P and M ∼ M GUT the φ field can drive inflation. Nevertheless, the latest results from the Planck collaboration have excluded 3 natural inflation [78, 79] . It is interesting to see how the predictions of natural inflation change in the Palatini framework with the R 2 term. The integral for the canonical field ζ yields
where F is again the elliptic integral of the first kind. The above expression can be easily inverted in terms of φ. Then, the effective potential becomes Next, we proceed with the calculation of the inflationary observables. We assume slow-roll conditions for the canonically normalized field ζ and follow a similar line of analysis, as in the previous section. In the following figure we present the r-n s predictions, plotted against the Planck 2018 1σ and 2σ curves [79] . For a specific set of the scale parameters (M, f ), the variation of α only affects the tensor-toscalar ratio r. By increasing α we obtain smaller values of r. There is a lower bound on the scale f 7 (in natural units), set by the Planck collaboration [78] , to which we also abide by here. Increasing the scale f results in pushing the curve to larger values of r and n s .
In Fig. 7 , for the value of α = 10 and f = 10 (the period is 2π), we solve numerically the Klein-Gordon equationζ + 3Hζ +V (ζ) = 0 for a plethora of initial conditions for the inflaton ζ and plot the trajectories in ζ −ζ phase space, showing the attractor behaviour of the potential. 
Summary and Conclusions
In this article we considered scalar fields coupled to gravity in the framework of the Palatini formalism. We focused on the case that the theory, extended with a quadratic curvature term R/2+ αR 2 /4 (rewritten in terms of an auxiliary scalar as (1+αχ 2 )R/2−χ 4 /4), also includes fundamental scalar fields coupled minimally to gravity and self-interacting through a scalar potential V (φ). Transforming the theory to the Einstein frame and integrating out the auxiliary non-propagating scalar degree of freedom we end up with an Einstein frame scalar potential of the form V (φ) = V (φ)/ (1 + 4α V (φ)) which, under general conditions, could in principle lead to an inflationary plateau for large field values, this property being a central feature of this framework.
We analyzed the slow-roll inflationary behaviour in the case of a quartic potential and found acceptable inflationary predictions for the spectral index and tensor to scalar ratio. This case could be of interest for realizing Higgs inflation with a minimal coupling to gravity. We also considered other monomial potentials, although the analogous inflationary behaviour is not shared by steeper potential functions. Next, we analyzed the case of the natural inflation or cosine inflation model, where the role of the inflaton is undertaken by a pseudo-Goldstone boson (axion). Although these models, characterized by a bounded periodic potential, fall short in their inflationary predictions in the standard formulation, when considered in the presence of an R 2 term in the framework of the Palatini formalism are shown to yield quite acceptable values for the inflationary observables.
